Abstract. We calculate semileptonic decays of light and heavy baryons in a relativistically covariant constituent quark model. The model is based on the Bethe-Salpeter-equation in instantaneous approximation. It generates satisfactory mass spectra for mesons and baryons up to the highest observable energies. Without introducing additional free parameters we compute on this basis helicity amplitudes of electronic and muonic semileptonic decays of baryons. We thus obtain form factor ratios and decay rates in good agreement with experiment.
Introduction
The concept of constituent quarks is so far the most successful approach when describing hadronic spectra. It is assumed that constituent quarks form due to spontaneous breaking of chiral symmetry of QCD but this assumption is so far difficult to be verified quantitatively in a consistent way. What can be done, however, is to investigate up to which resonance energies this concept is valid in comparison to experiment and at which masses it fails. This paper is part of a series which systematically study the whole hadron resonance region within a unified constituent quark model with a minimal number of free parameters. Based on the Bethe-Salpeter-equation the model is relativistically covariant by construction. It allows correct boosting prescriptions and is especially important in the present work where we investigate e.g. a heavy baryon decaying into a light baryon and where large recoils hence play a decisive role.
The speciality of our Bethe-Salpeter-model is the inclusion of 't Hooft's instanton-induced force, see [1, 2] for details. In combination with a linearly rising confinement potential 't Hooft's force leads to much better spectroscopic results than the conventional one-gluon-exchange within the same framework.
In particular, the Bethe-Salpeter-model is able to describe the complete spectra of light mesons offering a natural solution to the U A (1)-problem [3, 4] . But also meson decay properties like form factors, decay constants and decay widths for two-photon-decays and electromagnetic form factors have been investigated [3] . Form factors for semileptonic decays of heavy mesons have been evaluated in very good agreement with experimental data [5] . Even strong two-body decays of light mesons have been studied [6] .
The Bethe-Salpeter-model has also been successfully applied to the calculation of baryon properties. A detailed analysis of the complete light baryon spectra has been presented [7, 8, 9] . The Regge-trajectories up to the highest observed energies and the hyperfine structures are correctly reproduced. On the basis of these results electroweak form factors and photon induced transitions of non-strange and strange baryons have been calculated in good agreement with experiment [10, 11] .
The present paper adds to these achievements a calculation of form factor ratios and decay rates of semileptonic decays of baryons. As before this is done without introducing additional free parameters which are completely fixed by the baryon spectra alone. The results are therefore absolute predictions.
We consider semileptonic decays of the octet-and the decuplet-baryons. These are decays of light baryons outside the scope of heavy quark effective theories. For comparison we also compute the semileptonic decay of a heavy, charmed baryon, namely the Λ c . We calculate in each case both, electronic and muonic decays.
These are all crucial calculations for testing our model also at large hadron masses and hence the validity of the constituent quark picture since in a unified description of baryons we are not only interested in quantities describing a single baryon but the complete hadron spectrum including transitions. This is in particular interesting with regard to the interplay between weak and strong interactions.
The paper is organized as follows: Section 2 recapitulates briefly the Bethe-Salpeter-model. It explains the ingredients and basic equations of the model and shows how current-induced matrix elements can be calculated. Section 3 briefly reviews the underlying theory of semilep- tonic decays. We restrict ourselves to those parts of the electroweak theory needed to derive formulas for the physical quantities which we then evaluate numerically. Section 4 shows our theoretical values for form factor ratios, differential and total decay rates. As far as possible these theoretical values are compared to experimental data. Otherwise they are stated as predictions. Section 5 concludes.
2 Bethe-Salpeter-model
Bound states
Bound states are essentially a non-perturbative phenomenon and the Bethe-Salpeter-equation offers a suitable starting point. The usual quantum mechanical wave function used by many other quark models is replaced by the Bethe-Salpeter-amplitude χ that describes the baryonic bound states. It is defined via quark field operators Ψ ai (x i ) by
whereP denotes the four-momentum of the on-shell bound state and T the time ordering operator. Due to translational invariance it is advantageous to switch from now on to relative coordinates p ξ and p η in momentum space.
The Fourier-transform of the Bethe-Salpeter-amplitude is determined by the Bethe-Salpeter-equation
Full quark propagators are denoted by S i F . K stands for the irreducible interaction kernel that contains both irreducible two-and three-particle interactions. The iterative character of the eq. (2) guarantees that an infinite sum of all kinds of reducible diagrams and all irreducible diagrams are considered in the description of the bound state, see fig. 1 for a graphical illustration. Additionally the Bethe-Salpeter-amplitudes must obey the normalization condition
where we have suppressed the integration variables and the multi-indices. Furthermore M is the rest mass of the baryon and G 0 P abbreviates the triple product of the quark propagators S i F . The normalization condition becomes important in the calculation of matrix elements.
Approximations
In order to solve eq. (2) we have to make two approximations: Firstly, we use usual quark propagators with constituent quark masses instead of the full propagators S η . (We do not discuss the complications that arise due to two-particle interactions. This has been elaborated on in great detail in [7] .) The reduced interaction kernel then reads
where again we have suppressed the multi-indices. In our model V contains a phenomenologically adjusted stringlike confinement equipped with a suitable spinoral Diracstructure. Furthermore, V contains 't Hooft's instantoninduced potential.
With the definition
for the Salpeter-amplitude it is now possible to eliminate the relative energies in eq. (2). This leads to an eigenvalue problem for the Salpeter-amplitude that can be solved by standard techniques. The eigenvalues obtained are the masses M . With this procedure we are able to produce complete baryon mass spectra up to the highest known energies and spins. These spectra describe very well the experimental situation: Regge-trajectories and hyperfine structures are correctly reproduced. This is done with a very limited number of free parameters, namely seven.
In the present paper we shall concentrate almost exclusively on the octet-and decuplet-baryons displayed in fig. 2 . For more details on the complete light baryon spectra and on the theory of the Bethe-Salpeter-model we refer to [7, 8, 9 ].
Current matrix elements
The bound state matrix element P 2 |J µ (x)|P 1 of a current operator
has already been calculated in [10] using the Mandelstamformalism [13] . For the initial baryon in its rest frame the matrix element reads
This matrix element contains the vertex function Γ defined as an amputated Bethe-Salpeter-amplitude by
and is depicted in fig. 3 . Because the Bethe-Salpeter-amplitudes are normalized according to eq. (3) the vertex functions are also normalized. The vertex function depends on the full Bethe-Salpeteramplitude. As explained in sect. 2.2 we only calculate the Salpeter-amplitude. Nevertheless we can reconstruct the vertex function by combining eqs. (2) and (8) . (We do not discuss the complications during the reconstruction process arising again due to two-particle interactions which is discussed in [10] .) The reconstruction prescription then
. (9) Because we compute the Salpeter-amplitude Φ M only in the rest frame of the baryon this determines also the vertex function Γ M in the rest frame. The relativistic covariance of the Bethe-Salpeter-model now allows a correct boosting procedure. It reads
where Λ is a Lorentz-transformation and S Λ is the well known representation of the Lorentz-group on Dirac-spinors. By using eq. (10) for the description of the outgoing baryon recoil effects are correctly described. We are thus able to calculate every vertex function needed and finally the matrix element given in eq. (7).
3 Basics of semileptonic decays
Kinematics
The goal is to calculate semileptonic decays, i.e. decays of a baryon ground state of a certain mass M 1 and fourmomentumP 1 into another baryon ground state with a smaller mass M 2 and four-momentumP 2 , a lepton with mass m l and its associated anti-neutrino. Conservation of four-momenta impliesP
where q is the four-momentum transfer. In a frame where the decaying baryon is at rest eq. (11) becomes
with P denoting the three-momentum of the final baryon. For minimal P 2 we have maximal q 2 and vice versa. For
we have
and P 2 is maximal for
Then we have
Every matrix element depending on q 2 is thus a function with arguments between q 2 min and q 2 max .
Helicity amplitudes
The semileptonic decay occurs via virtual W-boson exchange coupling to a quark. To implement this coupling we use the standard weak vector and axial vector current J V +A µ . As in ref. [14] we introduce four q 2 -dependent and invariant vector and axial form factors
For the time being we have neglected invariants multiplying q µ which is justified in the zero-lepton-mass limit. This is indeed a very good approximation when we consider electrons but will be corrected below when we deal with muonic decays. The corresponding helicity amplitudes H V /A λ2 λW are as in [14] defined through the form factors by
and
where λ 2 and λ W are the helicities of the final baryon and the W-boson respectively. Moreover the abbreviation
is used. The remaining helicity amplitudes with negative λ 2 are obtained through the parity relations
We can now eliminate the form factors from eqs. (19) and (20) with the help of eq. (17) . With the notation
for the complete helicity amplitude H λ2 λW this leads to
with the definitions
).
The z-axis is chosen along the momentum transfer. The right-hand sides of eqs. (24) and (25) contain the baryonic transition amplitudes to be calculated within our Bethe-Salpeter-formalism using eq. (7). This is diagrammatically illustrated in fig. 4 . 
Observables
Finally we give the expressions for the quantities depending on the helicity amplitudes for which experimental data are available: The first quantity is the axial-vector-to-vector form factor ratio g A /g V . Eliminating the induced tensor contributions F V /A 2 from eqs. (19) and (20) leads to
For q 2 → 0 eq. (27) becomes (in the notation of [12] )
We notice that this ratio does not depend directly on the baryon masses nor on the four-momentum transfer anymore but on the helicity amplitudes alone. The next quantity is the weak-magnetism form factor ratio f 2 (0)/f 1 (0). Using the vector contributions F V 1/2 of eqs. (19) and (20) one finds after some rearrangement
from which the ratio f 2 (0)/f 1 (0) can then be obtained. For the two form factor ratios we need the vector and the axial parts of the helicity amplitudes separately. They can be obtained by combining eqs. (22) and (23) .
The last quantity that we consider in this paper is the decay rate Γ that can be obtained using standard techniques. After integrating out the angular dependence of the decay distribution the theoretical q 2 -dependent differential decay rate reads
where G F is the Fermi-coupling constant, V q1q2 is the Cabibbo-Kobayashi-Maskawa-matrix element for the quark transition q 1 → q 2 and
Because we are mainly interested in the quality of our transition matrix elements given in eqs. (24) and (25), we insert the experimental and not our theoretical values for the baryon masses M 1 and M 2 into eqs. (29) and (30). The helicity amplitudes remain untouched by this fine-tuning procedure.
Non-zero-lepton-mass
Experimental data on decay rates for muonic semileptonic baryon decays are sparse but available. In the non-zerolepton-mass limit the parameterization in eq. (17) has to be extended like in [15] to the form
where the additional form factors F V /A 3 appear. The term for the differential decay rate on the right hand side of eq. (30) has also to be modified. From [15] we adopt a lengthy expression for the decay rate where in its derivation the lepton mass has been kept finite. This expression depends on the six form factors F V /A 1,2,3 and on the participating masses. By introducing the additional helicity amplitude
the differential decay rate in [15] can be written as
see also ref. [16] in which eq. (34) is explicitly derived. We now have all the tools to compute electronic and muonic semileptonic decays of baryons within the BetheSalpeter-model.
Results and discussion

General remarks
In the calculation of transition amplitudes in the Mandelstam-formalism in lowest order we do not need to introduce additional free parameters. The very limited number of parameters that enter into the Bethe-Salpeter-model have been fixed by the baryon mass spectra alone [7, 8, 9] . We want to stress that every calculation that is presented from this point on is therefore a genuine prediction.
We put special emphasis on the decays where the incoming and the outgoing ground state baryons are both spin-1 2 particles, these are the baryons N , Λ, Σ and Ξ. This is the most important case since nearly all experimental data are within this sector. We have exact SU (2) isospin symmetry. After taking into account the kinematical restrictions and the fact that strangeness cannot change by more than one unit only five essentially different types of transitions are left, namely Λ → N , Σ → N , Σ → Λ, Ξ → Λ and Ξ → Σ. In addition we calculate the transition Λ c → Λ. The Λ c has been calculated using also a phenomenological extension of 't Hooft's force to charmed quarks as has been done for mesons before [5] . This is done to keep the model simple and universal. In this way the experimental mass of the Λ c is very well reproduced. It turned out that this extension of 't Hooft's interaction is indeed sufficient to describe charmed baryons. We thus even do not use the one-gluon exchange when we deal with heavy baryons. We take a closer look at this matter in ref. [17] .
For decays with decuplet-baryons as incoming particles additional helicity amplitudes H 1/2 −1 and H −1/2 1 enter into eqs. (30) and (34). The transition ∆ → Λ is not possible because isospin cannot change by more than one unit.
Form factor ratios
With eqs. (27) and (29) we first calculate the form factor ratios F
. Experimental values are only available for q 2 = 0 and are compared in the last four columns in table 1 to our predictions.
The experimental values for the form factor ratios mainly date from the eighties. One exception is the transition Ξ 0 → Σ + observed and measured in 2001 by the KTeV Collaboration at Fermilab [19] . The other exception is the very recent measurement of the transition Λ + c → Λ in 2005 by the CLEO Collaboration at the Cornell Electron Storage Ring [20] . All experimental values correspond to electronic semileptonic decays.
Comparing our predictions with the experimental form factor ratios we find a good agreement. Not a single value is totally off the mark. Five out of eight theoretical numbers lie within the error bars. The other three predictions have the right sign and the correct order of magnitude but are somewhat too small: for g A /g V the transitions Λ 0 → p and Σ − → n and for f 2 (0)/f 1 (0) the transition Λ + c → Λ 0 . In addition we present in table 1 eight pure predictions without an experimental counterpart. In particular, it will be interesting if g A /g V for the decay Λ + c → Λ 0 e + ν e is measured in the near future.
Decay rates
To obtain the decay rates we first have to calculate the differential decay rates. Equation (34) allows us to compute the differential decay rates for electronic and muonic semileptonic decays. The results are presented in figs. 5-10. [12] , with the exception of the decay
µ which is from [18] . A dash indicates that the decay is kinematically not possible. Also presented are the theoretical predictions and experimental measurements of the axial-vectorto-vector coupling ratio gA/gV and weak magnetism ratio f2(0)/f1(0). Note that we use the sign convention of [12] and note that for Σ → Λ the reciprocals are given. The experimental data for the decay Ξ 0 → Σ is from [19] and for Λ + c → Λ from [20] , the other experimental values are again from [12] . These differential decay rates are pure theoretical predictions without any direct experimental confirmation so far. To our knowledge there exist none whereas there exist some data for semileptonic decays of mesons [21, 22] .
The global behavior of the curves is very much influenced by the phase factor proportional to q 2 p. In the case of electrons one would maybe naively expect that the differential decay rate vanishes for q 2 = 0. That is not true due to the limit behavior of the helicity amplitudes. But the differential decay rate indeed becomes zero at q 2 min = m 2 µ for muons. Integrating these curves one obtains the decay rates which are compared to known experimental numbers in table 1.
First measurements of semileptonic decay rates go back to the early sixties. But the decisive measurements of electronic semileptonic decays with lots of events were done in the eighties using the charged hyperon beam at the CERN Super Proton Synchrotron [23] . The most recent experiments are the observations of
l by the KTeV Collaboration in 1999 and 2005 [24, 18] . The muonic decays have naturally been seen in very few events. An extreme example is the transition Ξ − → Λ 0 where merely a single event has been observed only. Table 2 . Predictions of decay rates Γ (in 10 6 s −1 ) of semileptonic baryon decays based on the Bethe-Salpeter-Model. The participating lepton l can either be an electron e or a muon µ. A dash indicates that the decay is kinematically not possible.
If we compare our predictions and the experimental decay rates we find again good overall agreement. Not one single value is totally off the mark. Eleven out of fifteen theoretical numbers lie virtually within the error bars. Only four theoretical values are clearly too small, namely the rates for both decays Σ − → nl In addition we present more predictions for semileptonic decays in table 2. We note the large decay rate for the transitions ∆ ++ → p which is due to the fact that here the Cabibbo-Kobayashi-Maskawa-matrix element V ud is involved whose square is approximately 20 times larger than the square of V us . The latter enters in almost all the other decays considered in this paper.
Conclusion
In the framework of a relativistically covariant constituent quark model we computed the semileptonic decays of lightflavored baryons and Λ c . We used the Bethe-Salpeterequation in instantaneous approximation. As interactions we inserted a linearly rising confinement and 't Hooft's instanton-induced interaction. This Bethe-Salpeter-model has already given an accurate description of a variety of experimental data based on a minimal number of free parameters which were completely fixed by the baryon spectra.
In this paper we have added to this results for weak decays, extending the unified picture without introducing additional free parameters. We have computed in succession helicity amplitudes, axial-vector-to-vector coupling ratios, weak magnetism ratios, differential decay rates and finally total decay rates of electronic and muonic semileptonic baryon decays. We have compared our theoretical predictions with every known experimental number and in general found a good agreement. No real contradictions between the Bethe-Salpeter-model and the experiments have been found.
We have given many predictions of observables for which currently no experimental results exist. There clearly exists an experimental deficit regarding differential decay rates of semileptonic baryon decays. We particularly hope for a confirmation of the axial-vector-to-vector coupling ratio g A /g V = −0.95 which we predict for the decay Λ + c → Λ 0 e +ν e . At the energies considered in this paper we have not found overwhelming indication that our ansatz fails, thus leading to the conclusion that the concept of constituent quarks remains successful also for a variety of weak observables. Further tests in the same spirit of a unified approach such as extensive calculations of strong two-body baryon decays are in preparation.
